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The Geometric characterization identifies the sets of nodes such that the Lagrange
polynomials are products of linear factors. In order to classify sets satisfying the geometric
characterization in the plane, the defect was introduced. A complete description has been
given for sets of defect 0, 1, 2, 3 and n − 1. We will prove the impossibility of existence
of sets of nodes with defect 4, for n ≥ 6. We will also discuss higher defects in order to
complete the classification.
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1. Introduction
The representation of polynomial surface patches is a common issue in computer aided geometric design (CAGD). In
order to impose certain constraints to the surface patch, bivariate interpolation can be used as an auxiliary tool. If the degree
is low, the Lagrange interpolation formula provides a faithful representation of a polynomial. Furthermore, if the Lagrange
polynomials can be factorized, the Lagrange interpolation formulawill be easier to express and the evaluationmight involve
a reduced number of arithmetic operations. The geometric characterization introduced in [1] identifies unisolvent sets of
nodes in the plane such that the Lagrange polynomials can be expressed as a product of first degree polynomials.
Definition 1.1. A planar set X satisfies the geometric characterization of degree n if #X = (n + 2)(n + 1)/2 and, for each
x ∈ X , there exists a set of n lines Γx,X containing all points in X but x. The points in X are usually called nodes. We call any
such set a GCn set for short.
Natural lattices in the plane, which can be defined as the set of all intersection points of n + 2 lines in general position,
are GCn sets. Another typical example of GCn sets are planar principal lattices which have been recently generalized [2–4].
Definition 1.2. Let
Lr0:n := (Lri )i∈{0,1,...,n}, r = 0, 1, 2,
be 3 families of lines each containing n + 1 lines such that the 3n + 3 lines are distinct and such that L0i ∩ L1j ∩ L2k 6= ∅, for
all i, j, k ∈ {0, 1, . . . , n}, i+ j+ k = n. The set
X = {xijk | xijk := L0i ∩ L1j ∩ L2k, i+ j+ k = n},
is a generalized principal lattice of degree n (a GPLn set) if
L0i ∩ L1j ∩ L2k ∩ X 6= ∅ H⇒ i+ j+ k = n.
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In order to avoid confusion when we are dealing with several generalized principal lattices, we shall use the notation
Lri (X) instead of L
r
i to indicate that the line corresponds to the set of nodes X .
In Section 2, some basic properties concerning the geometric characterization and generalized principal lattices are
recalled. These results are used in Section 3 to show that no GCn set with n ≥ 6 can have defect 4. Section 4 is devoted
to deduce that generalized principal lattices are the only sets with defect≥ 4. As a consequence, we obtain a description of
all GCn sets according to its defect. Unfortunately, this result relies on a conjecture in [5] which has been verified only for
degrees n ≤ 4.
2. Generalized principal lattices and geometric characterization
No line in the plane can contain more than n + 1 nodes of a GCn set. The lines containing n + 1 nodes of a GCn set can
be used to obtain GC subsets of lower degree since for any such line L for the GCn set X , X \ L is a GCn−1 set. In [5], Gasca
and Maeztu conjectured that each GCn set contains at least one subset of n + 1 collinear nodes. Their conjecture can be
formulated as follows.
Conjecture 2.1. For any GCn set X, there exists at least one line L containing exactly n+ 1 nodes, that is, #(X ∩ L) = n+ 1.
In [6] Busch verified Conjecture 2.1 for n = 4. The paper [7] gives alternative proofs for n ≤ 4. Conjecture 2.1 remains
unsolved for higher degrees. Let us define
ν := sup{N ∈ N such that Conjecture 2.1 holds for all GCn sets with n ≤ N}. (2.1)
Observe that ν ≥ 4.
The number of lines containing n+ 1 nodes can be used to classify GCn sets. For this purpose, the defect was introduced
in [8–10].
Definition 2.2. Let X be a GCn set and letKX be the set of all lines containing exactly n+ 1 nodes of X
KX := {L line | #(L ∩ X) = n+ 1}. (2.2)
Then the defect of X is the number d := n + 2− #KX . We say that X is a GCn,d set to indicate that X is a GCn set for which
#KX = n+ 2− d.
Taking into account that for any GCn set there exist at most n + 2 distinct lines containing n + 1 nodes, the defect of a
GCn set is a nonnegative integer less than or equal to n+ 2.
The following Lemma summarizes some properties of GCn sets, which have been proved in Proposition 2.1(vi), (vii) of
[8], Proposition 2.3 of [9], Corollary 3.5 of [9] and Remark 3.6 of [9].
Lemma 2.3. Let X be a GCn set, let ν be given by (2.1) andKX by (2.2). Then:
(a) No line contains more than n+ 1 nodes.
(b) Two lines inKX cannot be parallel and meet at a node.
(c) Any three lines inKX have no point in common.
(d) Let L ∈ KX . If X has defect d, then Y := X \ L is a GCn−1,d′ set with d′ ≤ d and Γy,Y = Γy,X \ {L}, for each y ∈ Y .
(e) Let L ∈ KX . If X \ L has defect d′ ≤ n− 2, then X is a GCn,d set with d ≤ d′ + 1.
(f) Let L ∈ KX , Y := X \ L and M1, . . . ,Mk ∈ KY , k ≥ 3. Then, at most one of the lines Mi does not contain a node of L∩ X and
#(Mj ∩ L ∩ X) = 1, Mj ∈ KX , for all j 6= i.
(g) If X is a GCn,d set with n ≤ ν , then d ≤ n− 1.
Observe that Lemma 2.3(b) and (c) implies that the lines inKX are in general position, that is, any two lines inKX meet
at a point and any three have no point in common.
From the definition, it is easy to show that generalized principal lattices GPLn are GCn setswith defect n−1. Under certain
assumptions the converse is also true as shown in Theorem 3.6 of [4], which we restate below.
Theorem 2.4. If n ≤ ν + 3, where ν is given by (2.1), then the following statements are equivalent:
(a) X is a generalized principal lattice of degree n,
(b) X is a GCn,n−1 set.
Remark 2.5. As a consequence of Theorems 1 and 2 of [7], Conjecture 2.1 holds for any GC set of degree less than or equal
to four and ν ≥ 4. Therefore if X is a GCn,n−1 set with n ≤ 7, then X is a GPLn set.
The following proposition summarizes some properties of generalized principal lattices which were proved in Section 2
of [4] and will be used in this paper.
Proposition 2.6. Let X be a generalized principal lattice defined by the families of lines Lr0:n, r = 0, 1, 2, and assume that n > 0.
(a) If x ∈ X ∩ Lri , then x 6∈ Lrj , j ∈ {0, 1, . . . , n} \ {i} for each r ∈ {0, 1, 2}.
(b) KX = {Lr0 | r = 0, 1, 2}.
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(c) Each of the lines Lri , i ∈ {0, 1, . . . , n− 1}, r = 0, 1, 2, is characterized by the following property
#
(
Lri ∩
(
X \
⋃
i′<i
Lri′
))
= n+ 1− i, Lri 6= Lq0,∀q ∈ {0, 1, 2} \ {r}.
(d) The families Lr0:n−1 = (Lri )i∈{0,1,...,n−1}, r = 0, 1, 2, are uniquely determined by the set X, up to permutation of the indices
r ∈ {0, 1, 2}. Conversely, the set X is determined uniquely by the reduced families Lr0:n−1, r = 0, 1, 2.
(e) #(X ∩ Lri ) = n+ 1− i.
(f) Let i0, j0, k0 ∈ {0, 1, . . . , n−m}, i0 + j0 + k0 = n−m, 0 ≤ m ≤ n. Then
Xi0j0k0 := {xijk | i, j, k ∈ {0, . . . , n}, i+ j+ k = n, i ≥ i0, j ≥ j0, k ≥ k0} ⊆ X
is a generalized principal lattice of degree m := n− (i0 + j0 + k0), defined by the three families of lines
L00:m(Xi0j0k0) := L0i0:i0+m, L10:m(Xi0j0k0) := L1j0:j0+m, L20:m(Xi0j0k0) := L2k0:k0+m.
Furthermore, we have
Xi0j0k0 = X \
(⋃
i<i0
L0i ∪
⋃
j<j0
L1j ∪
⋃
k<k0
L2k
)
.
The following lemma is used to deduce the properties of GCn sets such that the set of nodes, obtained by removing the
points from three lines, is a generalized principal lattice, assuming that Conjecture 2.1 holds for degrees up to n− 3.
Lemma 2.7. Let ν be given by (2.1). Let Y ⊂ R2 be a GCn,d set, 4 ≤ n ≤ ν+3, d ≤ n−1, let K0, K1, K2 ∈ KY and let us assume
that
Z := Y \
2⋃
q=0
Kq
is a GPLn−3 set defined by three families of lines Lq0:n−3(Z), q = 0, 1, 2. If
Kq ∩ Lq0(Z) ∩ ZKq = ∅, ZKq := Y \
⋃
i∈{0,1,2}\{q}
Ki, q = 0, 1, 2, (2.3)
then Y is a GPLn set defined by three families of lines L
q
0:n(Y ), q = 0, 1, 2, with
Lq0(Y ) = Kq, Lqi (Y ) = Lqi−1(Z), i = 1, . . . , n− 3, q = 0, 1, 2. (2.4)
Proof. By hypothesis, the set Z is a GPLn−3 set defined by the three families of lines Lq0:n−3(Z), q = 0, 1, 2, and by
Proposition 2.6(b),KZ = {L00(Z), L10(Z), L20(Z)}.
By assumption, K0, K1, K2 ∈ KY . It is impossible that there exists a fourth line L ∈ KY because, by Lemma 2.3(b), Lwould
intersect the lines K0, K1 and K2 at distinct nodes in Y , and then
#(L ∩ Z) = #(L ∩ Y \ (K0 ∪ K1 ∪ K2)) = n+ 1− 3 = n− 2,
that is, L ∈ KZ = {L00(Z), L10(Z), L20(Z)}. But this contradicts (2.3). Therefore, Y is a GCn,n−1 setwith n ≤ ν+3. By Theorem2.4,
Y is a GPLn set. Formulae (2.4) follow from Proposition 2.6(c–d). 
The following uniqueness result on generalized principal lattices was shown in Theorem 2.7 of [4] and will be used
later on.
Theorem 2.8. Let X and Xˆ be two generalized principal lattices of degree n ≥ 5. Let Lr0:n(X) and Lr0:n(Xˆ), r = 0, 1, 2, be the
families of lines associated to each of the sets. If
X \ L00(X) = Xˆ \ L00(Xˆ), L10(X) = L10(Xˆ), L20(X) = L20(Xˆ)
then X = Xˆ .
In Propositions 2.3–2.5 of [8] the sets of nodes with defect 0, 1 and 2 have been characterized. Recently, in Theorem 3.2
of [11] a characterization of the sets of nodes with defect 3 has been obtained. We restate this result below. Condition (d)
has been rewritten to indicate precisely that the intersection points Ki ∩ Lq0(Z) ∩ X are distinct. We also provide a sketch of
the proof for the sake of completeness.
Theorem 2.9. Let X ⊂ R2 be a GCn,3 set, n ≥ 4. Then:
(a) The lines inKX = {K0, . . . , Kn−2} are in general position and
#(Ki ∩ Kj ∩ X) = 1, i, j ∈ {0, . . . , n− 2}, i 6= j.
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(b) The set Z := X \⋃n−2i=0 Ki is GC1,0. Therefore Z consists of three noncollinear nodes forming a triangle whose sides are Lq0(Z),
q = 0, 1, 2.
(c) The indices of the lines Ki, i = 0, . . . , n− 2, can be reordered in such a way that Y := X \⋃n−2i=3 Ki is a GPL4 set defined by
three families of lines Lq0:4(Y ), q = 0, 1, 2, with
Lq0(Y ) = Kq, Lq1(Y ) = Lq0(Z), q = 0, 1, 2.
(d) #(Ki ∩ Lq0(Z) ∩ ZKi) = 1, ZKi := X \
⋃
j∈{0,...,n−2}\{i} Kj, i ∈ {3, . . . , n− 2}, q ∈ {0, 1, 2}.
Conversely, if X ⊂ R2 is a set such that properties (a), (b), (c), (d) hold for some n ≥ 4, then, #X = ( n+22 ) and X is a
GCn,3 set.
Proof. (Sketch) (a) Follows from Lemma 2.3(b–c). (b) Can be deduced by reiterated application of Lemma 2.3(d). (c) For any
p ∈ {0, 1, . . . , n− 2}, let us define
ZKp := X \
n−2⋃
i=0
i6=p
Ki.
If Kp ∩ Lq0(Z)∩ ZKp 6= ∅ for all p ∈ {0, 1, . . . , n− 2}, then Lq0(Z) ∈ KX , contradicting the fact that X has defect 3. So, for each
q ∈ {0, 1, 2} there exists p ∈ {0, 1, . . . , n− 2}, such that Kp ∩ Lq0(Z) ∩ ZKp = ∅. We reindex the lines K0, . . . , Kn−2 in order
to have
Kq ∩ Lq0(Z) ∩ ZKq = ∅, q ∈ {0, 1, 2}.
From Lemma 2.7, it follows that Y is a GPL4 set. (d) Assume that Ki∩Lq0(Z)∩ZKi = ∅ for some i ≥ 3.Without loss of generality
take i = 3, q = 2. Then we can interchange the roles of K2 and K3 and deduce that Yˆ := X \⋃n−2i=4 Ki \ K2 is a GPL4 set. So
Y \K2 = Yˆ \K3 is a GPL3 set contained in the GPL4 sets Y and Yˆ . From this fact we deduce that Y ∩K2 has a point in common
with Yˆ ∩ K3, which is a contradiction because Y does not contain nodes of K3. The converse is straightforward. 
Let us observe that (a) in Theorem 2.9 can be immediately generalized for any defect using Lemma 2.3(b-c).
Remark 2.10. Let X ⊂ R2 be a GCn,d set of nodes. Then the lines in the setKX = {K0, . . . , Kn+1−d} are in general position
and each pair of lines Ki, Kj, i 6= j, i, j ∈ {0, . . . , n+ 1− d}, meet at a node.
3. Sets of nodes with defect four
In this sectionwewill prove that there are no GCn sets with defect 4, for n ≥ 6. Lemma 3.1 shows a property of GCn,4 sets.
A result on incidence and collinearity (Lemma 3.2) will be used for obtaining a contradiction with other basic properties of
the GCn,4 sets.
Lemma 3.1. Let X ⊂ R2 be a GCn,4 set of nodes with n ≥ 5 andKX = {K0, . . . , Kn−3}. Then the set
Z := X \
n−3⋃
i=0
Ki (3.1)
is a GC2,0 set.
Proof. Let Z be the set defined by (3.1). Applying Lemma 2.3(d) several times leads to the conclusion that the set Z is GC2.
Let us assume the set Z has defect 1 and we shall obtain a contradiction.
If Z has defect 1, then Theorem 2.4 implies that Z is a GPL2 set. From Definition 1.2, it follows that the set Z is defined by
the three families of lines
Lq0:2(Z), q = 0, 1, 2. (3.2)
For any p ∈ {0, 1, . . . , n− 3}, let us define
ZKp := X \
n−3⋃
i=0
i6=p
Ki.
Take any q ∈ {0, 1, 2}. If #(Kp ∩ Lq0(Z) ∩ ZKp) = 1, for all p ∈ {0, . . . , n− 3}, then we would have, by Proposition 2.6(e),
#(Lq0(Z) ∩ X) = #(Lq0(Z) ∩ Z)+ (n− 2) = 3+ (n− 2) = n+ 1,
and therefore Lq0(Z) ∈ KX , which contradicts the fact that X has defect 4.
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Fig. 1. The black nodes belong to the GPL5 set Y . The three nodes Kp ∩ K0 , Kp ∩ K1 , Kp ∩ K2 belong to GC6,4 set YKp .
So, we have that for each q ∈ {0, 1, 2}, there exists a p ∈ {0, . . . , n− 3} such that
Kp ∩ Lq0(Z) ∩ ZKp = ∅. (3.3)
By (3.3), the indices of the lines K0, . . . , Kn−3 can be reordered in such a way that
Kq ∩ Lq0(Z) ∩ ZKq = ∅, q = 0, 1, 2.
By successive application of Lemma 2.3(d), we deduce that the set Y := X \⋃n−3i=3 Ki is GC5. By Remark 2.10 applied to d = 4,
the lines Kq, q = 0, 1, 2, contain 6 nodes in Y and Z = Y \⋃2q=0 Kq.
Applying Lemma 2.7, we deduce that Y is a GPL5 set defined by three families of lines L
q
0:5(Y )with
Lq0(Y ) = Kq, Lqi (Y ) = Lqi−1(Z), i = 1, 2, (3.4)
for q ∈ {0, 1, 2}.
Let p ∈ {3, . . . , n− 3} and consider the set
YKp := X \
n−3⋃
i=3
i6=p
Kj.
Some nodes and lines of YKp are depicted in Fig. 1.
Applying Lemma2.3(d) several times,we deduce that YKp is a GC6,d′ setwith d
′ ≤ 4. By Remark 2.10,Kp has seven nodes in
YKp . Moreover, Y = YKp \Kp is a GPL5 or, equivalently, a GC5,4 set, by Theorem 2.4 and Remark 2.5. Using again Lemma 2.3(d),
we deduce that d′ ≥ 4, thus d′ = 4 and YKp is a GC6,4 set.
Now, let
Tp,q := YKp \ Kq, p ∈ {3, . . . , n− 3}, q ∈ {0, 1, 2}.
By (3.4), Kq = Lq0(Y ) and then Kq has six nodes in Y . By Remark 2.10,
#(Kp ∩ Kq ∩ X) = 1, q = 0, 1, 2, (3.5)
and we can also ensure that Kq has seven nodes in YKp . Since YKp is a GC6,4 set, Lemma 2.3(d) leads to the fact that Tp,q is a
GC5,d′′ set with d′′ = 3 or d′′ = 4. We also have that the line Kp has seven nodes in YKp and, by (3.5), six nodes in Tp,q.
If d′′ = 4, we deduce from Theorem 2.4 that Tp,q is a GPL5 set. We have also seen that Y is a GPL5 set. By Proposition 2.6(f),
Tp,q \Kp = Y \Lq0(Y ), is a GPL4 set. Then by Theorem 2.8, Tp,q = Y , which is a contradiction because Y does not contain nodes
of Kp. Therefore, d′′ = 3, that is to say, Tp,q is a GC5,3 set (see Fig. 2 for an example).
So, we can apply Theorem 2.9 (taking Tp,q \ Kp as the GPL4 set Y ) and deduce that the lines
Lqi (Y ), i = 1, 2, Lri (Y ), i = 0, 1, r ∈ {0, 1, 2} \ {q},
intersect Kp at distinct nodes of Tp,q. Since this holds for all q ∈ {0, 1, 2} and also taking into account the incidence relations
between the lines Lqi (Y ) associatedwith the GPL5 set Y , we conclude that Kp intersects the lines L
q
i (Y ), i = 0, 1, 2, q = 0, 1, 2,
at nine distinct nodes of the GC6 set YKp , which contradicts Lemma 2.3(a). 
Lemma 3.2. Let L0, L1, L2, L3 be four lines of the plane in general position and let us define the points zij := Li ∩ Lj, i < j,
i, j ∈ {0, 1, 2, 3}. Let z0, z1, z2, z3 be four distinct points not belonging to any line Li, i = 0, 1, 2, 3, and let Mij be the line joining
zi and zj, i < j, i, j ∈ {0, 1, 2, 3}. If zij ∈ Mij, 0 ≤ i < 2, i < j ≤ 3, then z23 6∈ M23.
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Fig. 2. Removing the line K1 , we obtain the GC5,3 set Tp,1 . All the nodes in Tp,1 ∩ Kp have been determined.
Proof. Since incidence relations are invariant by projective transformations, we can choose a projective reference system
such that the equations of the four lines are
L0 : x0 = 0, L1 : x1 = 0, L2 : x2 = 0, L3 : x0 + x1 + x2 = 0,
and so, the coordinates of the points zij, i, j ∈ {0, 1, 2, 3}, are
z01 = (0, 0, 1), z02 = (0, 1, 0), z12 = (1, 0, 0),
z03 = (0, 1,−1), z13 = (−1, 0, 1), z23 = (1,−1, 0).
The point zij lies on the lineMij,Mij 6= Li,Mij 6= Lj for any i < j, i, j ∈ {0, 1, 2}. Therefore, we have
M01 : x0 + λx1 = 0, M02 : µx0 + x2 = 0, M12 : x1 + νx2 = 0, λ, µ, ν 6= 0.
Using the fact that z0 = M01 ∩ M02, z1 = M01 ∩ M12 and z2 = M02 ∩ M12, we can obtain their coordinates in terms of the
parameters λ,µ, ν
z0 = (1,−λ−1,−µ), z1 = (−λ, 1,−ν−1), z2 = (−µ−1,−ν, 1).
Since the points z0, z1, z2 are distinct, the linesM01,M02,M12 cannot be concurrent, and consequently
det
(1 λ 0
0 1 ν
µ 0 1
)
= 1+ λµν 6= 0.
We know thatM03 is the line passing through z0 and z03 and thatM13 is the line passing through z1 and z13. So, we have
M03 : (µ+ λ−1)x0 + x1 + x2 = 0,
M13 : x0 + (λ+ ν−1)x1 + x2 = 0.
Note that both lines are distinct, because if they coincide then
µ = 1− λ−1, 1− λ = ν−1,
andwewould have λµ = λ(1−λ−1) = −(1−λ) = −ν−1, which contradicts λµν 6= −1. Therefore, the lineM03 intersects
the lineM13 at the point
z3 = (λ+ ν−1 − 1, µ+ λ−1 − 1,−λ−1ν−1 − λµ− ν−1µ).
From
det
 1 −1 0−µ−1 −ν 1
λ+ ν−1 − 1 µ+ λ−1 − 1 −λ−1ν−1 − λµ− ν−1µ
 = (λµν + 1)2
λµν
6= 0,
we deduce that the points z23, z2 and z3 are not collinear and then z23 6∈ M23. 
Theorem 3.3. If X ⊂ R2 is a GCn,d set with n ≥ 6, then d 6= 4.
Proof. Let us assume that X is a GCn,4 set, n ≥ 6, and let K0, . . . , Kn−3 be the lines inKX . By Lemma 3.1, the set
Z := X \
n−3⋃
i=0
Ki
is a GC2,0 set.
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By Remark 2.10 applied to the set Z , there exist lines L0, L1, L2, L3 satisfying
#(Li ∩ Z) = 3, i ∈ {0, 1, 2, 3},
#(Li ∩ Lj ∩ Z) = 1, i, j ∈ {0, 1, 2, 3}, i 6= j. (3.6)
For any p ∈ {0, . . . , n− 3}, let us define
ZKp := X \
n−3⋃
i=0
i6=p
Ki.
Let q ∈ {0, 1, 2, 3}. If #(Kp∩Lq∩ZKp) = 1 for all p ∈ {0, . . . , n−3}, wewould have, by (3.6), #(Lq∩X) = #(Lq∩Z)+(n−2) =
3+ (n− 2) = n+ 1 and Lq ∈ KX which contradicts the fact that X has defect 4. So, we can say that for each q ∈ {0, 1, 2, 3},
there exists a p ∈ {0, . . . , n− 3} such that
Kp ∩ Lq ∩ ZKp = ∅. (3.7)
From successive application of Lemma 2.3(d), we deduce that ZKp is a GC3 set. From Remark 2.10 and applying again
Lemma 2.3(d) several times, we can say that the line Kp contains four nodes in the set ZKp . Moreover, by (3.6), the line Lq has
at least three nodes in ZKp \ Kp = Z , for all q ∈ {0, 1, 2, 3}. So, by Lemma 2.3(f), at least three lines in the set {L0, L1, L2, L3}
contain four nodes and thus they intersect the line Kp at a node in ZKp . So, for each p ∈ {0, . . . , n − 3}, there exist distinct
q1, q2, q3 ∈ {0, 1, 2, 3} such that
#(Kp ∩ Lq1 ∩ ZKp) = #(Kp ∩ Lq2 ∩ ZKp) = #(Kp ∩ Lq3 ∩ ZKp) = 1. (3.8)
We only need to analyze the formulae (3.7) and (3.8) to deduce that it is possible to reorder the indices of the lines Ki in such
a way that
#(Ki ∩ Lj ∩ ZKi) =
{
0, i, j ∈ {0, 1, 2, 3}, i = j,
1, i, j ∈ {0, 1, 2, 3}, i 6= j. (3.9)
For any q ∈ {0, 1, 2, 3}, we define
Yq := X \
(n−3⋃
i=4
Ki ∪ Kq
)
.
From Remark 2.10 and Lemma 2.3(d) reiteratedly applied, we deduce that Yq is a GC5 set. In addition, we can say that the
lines Ki, i ∈ {0, 1, 2, 3} \ {q} have six nodes in Yq. By (3.6) and (3.9), the line Lq also has six nodes in Yq. Moreover, by (3.6)
and (3.9), the lines Li, i 6= q, only have five nodes in Yq.
Let us assume that there exists another line R with six nodes in Yq. We know that the line Rmust intersect the lines Ki,
i ∈ {0, 1, 2, 3} \ {q}, and Lq at a node. The line R contains two of the three nodes of the GC1 set Z \ Lq. So, Rmust be one of
the lines Li, i 6= q. But this is impossible because the lines Li, i 6= q, only have five nodes in Yq. Therefore, the set Yq has defect
three.
Applying Theorem 2.9 to the set Yq, we can say that Yq \ Lq is a GPL4 set (see Fig. 3 for q = 3) defined by three families of
lines Lr0:4(Yq), r = 0, 1, 2, with
{Lr0(Yq) | r = 0, 1, 2} = {Ki | i ∈ {0, 1, 2, 3} \ {q}},
{Lr1(Yq) | r = 0, 1, 2} = {Li | i ∈ {0, 1, 2, 3} \ {q}}.
We can ensure that each of the lines Ki, i 6= q, contains only a node zi ∈ Ki ∩ Yq, where at least two of the lines Lr2(Yq),
r = 0, 1, 2, intersect. Note that zi ∈ ZKi .
Each of the lines Lr2(Yq), r = 0, 1, 2, q = 0, 1, 2, 3, contains at least two nodes of the set {z0, z1, z2, z3}. But the four nodes{z0, z1, z2, z3} are connected by six lines at most. Then there exist coincident lines in Lr2(Yq), r = 0, 1, 2, q = 0, 1, 2, 3. So,
we consider it convenient to index the lines Lr2(Yq) in a different way. LetMij, i, j ∈ {0, 1, 2, 3}, i < j, be the line joining the
nodes zi, zj and passing through Li ∩ Lj. Then we have
{Mij | i, j ∈ {0, 1, 2, 3}, i < j} = {Lr2(Yq) | r = 0, 1, 2, q = 0, 1, 2, 3}.
We also denote zij := Li ∩ Lj ∩ Z . Then we have
Z = {zij | i, j ∈ {0, 1, 2, 3}, i < j}.
Since the lines Li are in general position, they form a complete quadrilateral whose vertices are the six nodes zij, i < j.
Let i ∈ {0, 1, 2, 3} be an arbitrary value, and let us consider the node zi. We can say that zi 6∈ Li because, by (3.9),
Ki ∩ Li ∩ ZKi = ∅. Let us consider j ∈ {0, 1, 2, 3} \ {i}. We can ensure that zi 6∈ Lj. Otherwise, the lines Lj andMmin(i,j),max(i,j)
would be equal, because they both pass through the nodes zi and zj. But then
Kj ∩ Lj ∩ ZKj = Kj ∩Mmin(i,j),max(i,j) ∩ ZKj = {zj},
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Fig. 3. The nodes zi and zij in the GPL4 set Y3 \ L3 .
which is a contradiction with formula (3.9). So, we have zi 6∈ Lj for all i, j ∈ {0, 1, 2, 3}. Since zij ∈ Mij for all 0 ≤ i < 2,
i < j ≤ 3, we can apply Lemma 3.2 and deduce that the node z23 6∈ M23, which contradicts the definition of the linesMij. 
4. Sets of nodes with defects greater than three
In this section we shall show that there are no GCn,d sets, d 6= n− 1, with defects d = 4, 5, 6. If Conjecture 2.1 holds for
any degree, then we shall also show that there exist no GCn,d sets with d ≥ 4 and d 6= n− 1.
Theorem 4.1. Let X ⊂ R2 be a GCn set with 6 ≤ n ≤ ν + 4, with ν given by (2.1) and let L ∈ KX . If X \ L is a GCn−1,n−2 set,
then X is a GCn,n−1 set.
Proof. Wewill proceed by induction on n. If n = 6, X ⊂ R2 is a GC6 set. Let L ∈ KX be a line such that X \ L is a GC5,4 set. By
Lemma 2.3(e) we know that X is a GC6,d set with 4 ≤ d ≤ 5. By Theorem 3.3, it is impossible that d = 4, so we have d = 5.
Given nwith 7 ≤ n ≤ ν + 4, let us assume that the following property holds for k = n− 1: if X is a GCk set and X \ L is a
GCk−1,k−2 for some line L ∈ KX , then X has defect k− 1. Let us prove it for k = n.
So we consider X a GCn set and a line L ∈ KX such that X \ L is a GCn−1,n−2 set. By Lemma 2.3(d,e), X is a GCn,d set with
n− 2 ≤ d ≤ n− 1. In order to show that X is a GCn,n−1 set, we shall assume that d = n− 2 and obtain a contradiction.
If d = n − 2, then KX = {K1, K2, K3, K4} with K1, K2, K3, K4 distinct. Without loss of generality, we may assume that
L = K4. Then X4 := X \ K4 is a GCn−1,n−2 set withKX4 = {K1, K2, K3}. Since n − 1 ≤ ν + 3, we deduce from Theorem 2.4
that X4 is a generalized principal lattice of degree n− 1.
Now, we define Y := X4 \ K3. By Proposition 2.6(b, f), Y is a generalized principal lattice of degree n− 2. By Theorem 2.4,
we have that Y is a GCn−2,n−3 set. Moreover, Y ⊆ X4 and K1, K2 ∈ KY .
Now, let us consider X3 := X \ K3. By Lemma 2.3(d) we know that X3 is a GCn−1 set. We also have K1, K2, K4 ∈ KX3 and
Y := X3 \ K4 is a GCn−2,n−3 set. By the induction hypothesis, X3 is a GCn−1,n−2 set. By Theorem 2.4, X3 is a GPLn−1 set. By
Theorem 2.8, we have X3 = X4, that is, X \ K3 = X \ K4 which implies that K3 = K4, in contradiction with the fact that K3
and K4 are distinct lines. 
The following theorem is the main result of this paper on classification of GC sets.
Theorem 4.2. Let X ⊂ R2 be aGCn,d set with d ≤ ν+2, with ν given by (2.1). Then either 0 ≤ d ≤ 3 or d = n−1. Furthermore,
if d = n− 1, then X is a GPLn set.
Proof. We will prove this result by induction on n. By Lemma 2.3(g), if n ≤ 4 ≤ ν then 0 ≤ d ≤ n− 1 ≤ 3.
Now, let us consider n ≥ 5 and assume that the defect of any GCk set with 4 ≤ k ≤ n− 1 is≤ 3 or= k− 1 or> ν + 2.
Now, let us assume that X is a GCn,d set with n ≥ 5 and
4 ≤ d ≤ ν + 2. (4.1)
We shall prove that the set X can only have defect d = n− 1.
First let us observe that, ifKX = ∅, then n > ν and d = n + 2 > ν + 2. Using (4.1), we deduce thatKX 6= ∅. Take any
L ∈ KX and define Y := X \ L. By Lemma 2.3(d), Y is a GCn−1,d′ set with d′ ≤ d. On the other hand, if we apply the induction
hypothesis to the set Y , and taking into account that d′ ≤ d ≤ ν + 2, we have only two possibilities
0 ≤ d′ ≤ 3 or d′ = n− 2. (4.2)
So d′ ≤ n− 2 and, by Lemma 2.3(e), we have d− 1 ≤ d′. Summarizing, we have that
d′ = d− 1 or d′ = d. (4.3)
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Let us first assume that d′ = d. By (4.2), we have
0 ≤ d ≤ 3 or d = n− 2. (4.4)
So, d must satisfy simultaneously (4.1) and (4.4) and, consequently, d′ = d = n − 2 and Y is a GCn−1,n−2 set. Applying
Theorem 4.1, we have that X is GCn,n−1 set, that is, d = n− 1 > d′, which is a contradiction with the assumption that X has
defect d = d′.
Then we have that d′ = d− 1. By (4.2),
1 ≤ d ≤ 4 or d = n− 1. (4.5)
So, dmust simultaneously fulfil the relations (4.5) and (4.1). If n = 5, then d = n− 1 = 4. If n ≥ 6, by Theorem 3.3, d 6= 4,
which implies that d = n−1. So, we have n = d+1 ≤ ν+3 and, by Theorem 2.4, the set X is a generalized principal lattice
of degree n. 
Let X be a GCn,d set and let us discuss briefly the different cases which may arise depending on n and ν given by (2.1). If
n = 1, then d = 0. If n = 2, d = 0 or d = 1. If n = 3, we have d = 0 or d = 1 or d = 2. If n = 4, there are four possibilities:
d = 0, d = 1, d = 2 or d = 3. If 4 < n ≤ ν, then either 0 ≤ d ≤ 3 or d = n − 1. If n = ν + 1, then either 0 ≤ d ≤ 3,
d = n − 1 or d = n + 2. If n = ν + 2, then either 0 ≤ d ≤ 3, d = n − 1 or n + 1 ≤ d ≤ n + 2. If n = ν + 3, then either
0 ≤ d ≤ 3 or d ≥ n− 1. Finally, if n > ν + 3, then either 0 ≤ d ≤ 3 or d ≥ ν + 3.
Assuming that the Conjecture 2.1 holds for all degrees, a GC set can only be one of the following five different types: a
GC set with defect 0 (natural lattice), 1, 2, 3, or n− 1 (generalized principal lattice). Since GCn sets with defect 0, 1, 2, 3 and
n− 1 have been already studied (see [8,10,4]), this completes the classification of all GCn sets.
Since ν ≥ 4, we can say that if X is a GCn,d set with d ≤ 6, then the defect is either 0, 1, 2, 3 or it is equal to n − 1. So,
independently of the verification of Conjecture 2.1 for degrees higher than 4, we deduce that the only GC sets with defect
d ∈ {4, 5, 6} are the generalized principal lattices of degree d+ 1.
Corollary 4.3. If X ⊂ R2 is a GCn,d set with d ∈ {4, 5, 6}, then n = d+ 1 and X is a GPLn set.
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